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1. Introduction 

In |MO] . D. Maulik and A. Okounkov develop a general theory connecting quantum groups 
and equivariant quantum cohomology of Nakajima quiver varieties, see [Nl, N2]. In partic- 
ular, in [ MO] the operators of quantum multiplication by divisors are described. As well- 
known, these operators determine the equivariant quantum differential equation of a quiver 
variety. In this paper we apply this description to the cotangent bundles of gl n partial 
flag varieties and construct hypergeometric solutions of the associated equivariant quantum 
differential equation. 

In |GRTVj and |RT V] . the equivariant quantum differential equation of the cotangent 
bundle of a g[ n partial flag variety was identified with the trigonometric dynamical differ- 
ential equation introduced in |TV4j . By the (gl N , gl n )-duality of [T V4] . the trigonometric 
dynamical differential equation is identified with the trigonometric KZ differential equation. 
Hypergeometric solutions of the trigonometric KZ differential equation were constructed in 
[SVl IMV] . By using this sequence of isomorphisms we obtain hypergeometric solutions of 
the equivariant quantum differential equation. The hypergeometric solutions have the form 

(1.1) I^(z; q, h; re) =/ $(s; z; q, h) h/K u(s] z\ q, h)ds, 

J ip(z;q;h;n) 

where z — (z±, . . . , z n ), h are equivariant parameters, q = (qi, . . . , (Jn) quantum parameters, 
s = (Sj) integration variables, re the parameter of the differential equation, ip(z; q; h; re) 
the integration cycle in the s-space, u(s; z; q; h) a rational function, $(s; z; q; h) the master 
function, see Corollary 17.41 

Studying solutions of the quantum differential equation may lead to better understanding 
Gromow-Witten invariants of the cotangent bundle of a partial flag variety, c.f. Givental's 
study of the J-function in [GT1 lG2l IG3] . 

The existence of solutions of the quantum differential equation as such oscillatory integrals 
manifests the Landau- Ginzburg mirror symmetry for the cotangent bundle of a partial flag 
variety. One may think that the logarithm of the master function is the Landau- Ginzburg 
potential of the mirror dual object. In particular, one may expect that the algebra of func- 
tions on the critical set of the master function $( • ; z; q; h) is isomorphic to the corresponding 
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localization of the equivariant quantum cohomology algebra of the cotangent bundle of a par- 
tial flag variety, see Section [73] and similar statements for Bethe algebras in [MTV2] IMTV3] . 

The trigonometric KZ differential equation and trigonometric dynamical differential equa- 
tion come in pairs with compatible difference equations. The trigonometric KZ differential 
equation is compatible with the rational dynamical difference equation introduced in [TV3] . 
The trigonometric dynamical differential equation is compatible with the rational qKZ dif- 
ference equation, as shown in [T V4j . Under the (gl w , gLj-duality, the pair consisting of the 
trigonometric KZ differential equation and rational dynamical difference equation is identi- 
fied with the pair consisting of the trigonometric dynamical differential equation and rational 
qKZ difference equation, see [T V4] . Under the identification of the trigonometric dynam- 
ical differential equation with the equivariant quantum differential equation of [B MP] , the 
rational qKZ difference operators are identified with the shift operators of |MO] . see also 
[BMP] . 

It was shown in [MVj . that the hypergeometric solutions for the trigonometric KZ dif- 
ferential equation also satisfy the difference dynamical equation. By using all of the above 
identifications, we conclude that the hypergeometric solutions (11.11) of the equivariant quan- 
tum differential equation give also flat sections of the difference connection defined by the 
shift operators of [MOJ on the equivariant quantum cohomology of the cotangent bundle of 
a partial $jl n flag variety. 

As shown in |TVll ITV2] , the qKZ equation has solutions in the form of multidimensional 
g-hypergeometric integrals. These g-hypergeometric integrals are expected to satisfy the 
compatible dynamical differential equation. That will imply that the quantum differential 
equation of [MO] has solutions in the form of multidimensional g-hypergeometric integrals. 
See an example of such solutions in Section 8.4 of [GRTV] . We plan to develop these q- 
hypergeometric solutions in a separate paper. 

2. Cotangent bundles of partial flag varieties 

2.1. Partial flag varieties. Fix natural numbers N, n. Let A G Z^ , |A| = Ai + • • • + A^ = 

n. Consider the partial flag variety T\ parametrizing chains of subspaces 

= F C Ft C . . . C F N = C" 
with dim Ft/ Fi^i = Aj, i = 1, . . . , N. Denote by T*jF\ the cotangent bundle of F\. Denote 

X n = U|^| =n T J-\. 

Example. If n = 1, then A = (0, . . . , 0, 1,, 0, . . . , 0), T*J Z \ is a point and X\ is the union of 
iV points. 

If 7i = 2 then A = (0, . . . , 0, l u 0, . . . , 0, l j} 0, . . . , 0) or A = (0, . . . , 0, 2 h 0, . . . , 0). In the 
first case T*F\ is the cotangent bundle of projective line, in the second case T*JF\ is a point. 
Thus X2 is the union of N points and N(N—l)/2 copies of the cotangent bundle of projective 
line. 

Let / = (Ji, . . . , iyv) be a partition of {1, . . . , n} into disjoint subsets h, ■ ■ ■ , In- Denote 
1\ the set of all partitions / with \Ij\ = Aj, j = 1, . . . N. Denote X n = U|A|= n ^A- 

Let Mi, . . . ,u n be the standard basis of C™. For any / G T\, let xj G J-\ be the point 
corresponding to the coordinate flag F\ C • • • C F^, where is the span of the standard 
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basis vectors Uj G C n with j G I\ U . . . U ij. We embed J 7 ^ in T*T\ as the zero section and 
consider the points xj as points of T*T\. 

2.2. Equivariant cohomology. Denote G = GL n (C) x C x . Let Ac GL n (C) be the torus 
of diagonal matrices. Denote T = A x C x the subgroup of G. 

The groups Ac GL n act on C™ and hence on T*T\. Let the group C x act on T*J r \ by 
multiplication in each fiber. We denote by —h its C x -weight. 

We consider the equivariant cohomology algebras H^{T*J^x] C) and 

H^(X n ) = ®\x\= n Hx{T* T\] C). 

Denote by Tj = {7^1, . . . ,7^} the set of the Chern roots of the bundle over T\ with fiber 
Fj/Fj_i. Let r = (Li; . . . ; Tat). Denote by z = {z\, . . . , z n } the Chern roots corresponding 
to the factors of the torus T. Then 

N Aj n 

^(t*j- A ) = c[r]^ x - x ^®c^®c[/ i ]/(nri( M -^) = n («-*»))■ 

i=l j=l a=l 

The cohomology H^(T*J^ X ) is a module over H^(pt; C) = C[z] <g> C[/i]. 
Example. If n = 1, then 

Ht(Xi) = ©iIi-f^'r(^*^ : (o,...,o,i i ,o,...,o)) 
is naturally isomorphic to C w <g) C[zi; /i] with basis Vi — (0, . . . , 0, l i: 0, . . . , 0), % — 1, . . . , N. 

For i = 1, . . . , N, denote A (i) = Ai + • • • + A,. Denote 6, = {6^1, . . . , 6> i A (o} the Chern 
roots of the bundle F; over J 7 * with fiber Fj. Let © = (©i, . . . , ©at)- The relations 

A« i A; 

- = n n ^ - * = i, • • • , ^ 

j=i e=i j=i 

define the homomorphism 

C[e] 5 Ad) x - x5 A(iv) c[z] <g> C[h] ->• H*(T*f x ). 

3. Yangian 

3.1. Yangian Y(jjljy). The Yangian ^(gl^) is the unital associative algebra with generators 
for i,j — 1, . . . , TV, s G Z >0 , subject to relations 

(u-v)[T itj (u),T ki i(v)] = T kjj (v)T it i(u) -T kJ (u)T it i(v) , i,j,k,l — l,...,N, 

where Tij(u) = 5ij + X)^=i ~ s . The Yangian Y^gl^-) is a Hopf algebra with the co- 

product A : Y( d l N ) -> ^(flU) ® y(flljv) given by A(T i)j (u)) = £f=i T fe ,» (g) T iifc (u) for 
i,j = 1, . . . , N . The Yangian Y(qI n ) contains, as a Hopf subalgebra, the universal envelop- 
ing algebra U(gl N ) of the Lie algebra qI n . The embedding is given by e^j h-> T^P, where 
e^j are standard standard generators of q[ n . 

Notice that [T$,T$] = S itl T^j - 6 j>k T^ for i,j,k,l — I,..., N, s G Z >0 , which 
implies that the Yangian Y(gljv) is generated by the elements T^ +1 , T-^j^, % — 1, . . . , TV — 1, 
and J 1 /* 1 , s > 0. 
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3.2. Algebra Y(gl N ) . In this section we follow |GRTVl Section 3.3]. In formulas of that 
Section 3.3 we replace h with —h. 

Let Y(gl N ) be the subalgebra of Y(gl N )®C[h] generated over C by C[h] and the elements 

(— /i) s_1 T^ for i,j = 1, . . . , N, s > 0. Equivalently, the subalgebra Y(gl N ) is generated 

over C by C[h] and the elements T}f +1 , T^, i = 1, . . . , N - 1, and {-h) 3 - 1 ^, s > 0. 
For p = 1, . . . , N, i = {1 < i x <•'■■< i p ^ N}, j = {1 ^ jx < ■ ■ ■ < j p ^ N}, 'define 

Mi,,- («) = ]T (-i) CT T n Jct(1) («)... t Wct(p) (« - P + i) . 

Introduce the series Ax(u), . . . ,An(u), Ex(u), . . . , En-x(u), Fx(u), . . . , Fn-x(u): 

oo 

(3.1) A p (u) = Mi,i(-u/h) = l + J2(- h Y A P,sU- s , 

8=1 

OO 

(3.2) = —h~ x Mj t i{—u/h) (Mi^—u/h)) 1 = ^ (-/i) 8 " 1 E P)S u' 3 , 

s=l 
oo 

F p (w) = -A- 1 (M ili (-u//i))" 1 M i , i (-u//i) = ^HO' -1 *^"', 

s=l 

where in formulas (13.11) and (13. 2p we have i = {1, . . . ,p} , j = {1, . . . ,p— l,p+ 1 } . Observe 
that i? Pi i = ^p,i = ^p,p+i an d ^i,s = ^i,i > so the coefficients of the series Ep{u), 

F p (u) and h~ 1 (A p (u) — l) together with C[h) generate Y(gl N ). In what follows we will 
describe actions of the algebra Y(gl N ) by using series (13. ip . (13.21) . 

3.3. Y(gl N )-action on (C*) 9 * ® C[z; h]. Set 

L{u) = (u-z n - hP^ n) ) ...{u-zx- hP {0 ' l) ) , 

where the factors of C N (C^)®" - are labeled by 0,1, ... ,n and p(w is the permutation 
of the z-th and j-th factors. The operator L(u) is a polynomial in u, z, h with values in 
End(C Ar ® (C N )® n ). We consider L(u) as an NxN matrix with End(V) g> C[u; 2; /i] -valued 
entries L it j(u). 

Proposition 3.1 (Proposition 4.1 in [G RTV] ) . The assignment 

n 

(3.3) <f)(T i}j (-u/h)) = L id (u) ]J(u- z^ 1 

a=l 

defines the action of the algebra Y(gl N ) on (C N )® n <S> C[z; h] . Here the right-hand side of 
(13. 3 p is a series in u~ x with coefficients in End((C 7V ) (X,n ) <S> C[z; /i]) . 

Under this action, the subalgebra f7(fj(/v) c Y($n) acts on (C*) 8 ™ ® C[z;h] in the 
standard way: any element x E gl N acts as x^ + . . . + x^ n \ The action was denoted in 
jGRTVj by <f>+. 
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3.4. F(0[ Ar )-action on Hj,(X n ) according to [RTV]. We define the F(g [^-action p on 
H£{X n ) by formulas 1152]) . (131)1) . ( 13771) below. We define p(A p (w)) : H^(T*F X ) -> H^(T*F X ) 
by 



(3.4) 



w - 7p,< 



i=l,...,JV. 



for p = 1, . . . , N. In particular, 

(3.5) p(Xn : [/] H- [(7*4 + ---+7i,A i )/(T; zj/i)], 

Let ai, • • • , «at_i be simple roots, a p = (0, . . . , 0, 1, — 1, 0, . . . , 0), with p — 1 first zeros. We 
define 

p(E p (u)) : H*(T*F x _ ap ) ^ H^(T*F X ), 



(3.6) p(£ p (u)) : [/] 



i — ^ 



J\V":z:h) V 



J ~^rz^r^ II ~ — r^r~ II - 7 P +i,& - fc) 



p(F p (u)) : H*{T*T x+ap ) ^ H* T (T*F X ) 



(3.7) p(2T p (tt)) : [/] _> 



V+l f /T ,!/ 



n 



n (7p,k - 7p+i,< - ^) 



where 



(I\; . . . ; T p _i; T p - {7 Pji }; T p+1 U {7 P ,i}; T 



p+2, • • • , J- 2V7 ) 



r, 



. . . ; T p _i; T p U {7 P+M }; T p+ i — {7 P+ i,j}; T p+2 ; • • • ; T 



N) 



Theorem 3.2 (Theorem 5.10 in |GRTV] ) . These formulas define a Y(qI n ) -module structure 
on 

This F(g[ Ar )-module structure was denoted in [GRTV ] by p~ and h in [GRTV] is replaced 
with —h. The topological interpretation of this F(g[ 7V )-action see in |GRTVl Theorem 5.16]. 
In |MO] . a Yangian module structure on H^(X n ) was introduced. 

Theorem 3.3 (Corollary 6.4 in |RTV] ). The Y($l N )-module structure p on H^(X n ) coincides 
with the Yangian module structure on H^(X n ) introduced in [MO]. 

4. Dynamical Hamiltonians and quantum multiplication 

4.1. Dynamical Hamiltonians. Assume that qx, ■ ■ ■ ,Qn are distinct numbers. Define the 
elements Xf, . . . , X q N G Y(gl N ) by the rule 



X? 



-hT s 



{2} 



h 



N 



j=x * _ 3f 
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where Gij = — = e j,i e i,j ~ e j,j ■ By taking the limit qi+i/qi — > for all i — 1, 

. . . , iV - 1, we define the elements X£°, . . . , e Y(qI n ), 

X°° = -hT$ + | e M (e vt - 1) + /i(C7 M + . . . + Gf <f< _i) , 

sec [GRTVJ. The elements Xf, X°°, i — 1, ...,N, are called the dynamical Hamiltonians. 
Observe that 

i — 1 n 

Given A = (Aj, . . . , Ajv), set G^.ij = e j,i e i,j f° r A< ^ -\j an d — e i,j e j,i f° r ^« < • 

We define the elements x , . . . , ^ £ Y^gl^y), 

i— 1 n 

Xt i = X°° — h y — G\ i j — h / — - — G\ i j . 

~tx * - 

Let k 6 C x . The formal differential operators 

(4.1) V,,^ = nq^ -XI i = l,...,N, 

pairwise commute and, hence, define a flat connection Vq iK for any F(gl Ar )-module, see 
[GRTVj . 



( 4 -2) V A , q , Kil = Kqi —-Xl i , 



Lemma 4.1 (Lemma 3.5 in |GRTV] ). The connection V Aj<?jK defined by 

d_ 

dqi 

i = 1, . . . , N , is flat for any k. 

Proof. The connection V A) g )K is gauge equivalent to connection V K , 

(4.3) V A , q , K)i = (T A )- X V, I<M T A , Y A = H (1 - qj / qi ) h ^ /K , 

where £ A ,i,j = e.y for A; ^ Aj, and £ A ,i,j — e M f° r At < -\? • D 

Connection (14. ip was introduced in |TV4] . see also Appendix B in |MTVlj . and is called 
the trigonometric dynamical connection. Later the definition was extended from sIn to other 
simple Lie algebras in |TL] under the name of the trigonometric Casimir connection. 

The trigonometric dynamical connection is defined over with coordinates qi, . . . , q^, 
it has singularities at the union of the diagonals = qj. 

4.2. Dynamical Hamiltonians X ( ^ i on H^.{T*JF\). Recall the F(0t 7V )-module structure 

p defined on H^{X n ) = ©| A |= n i?r( r *-^\) in Section [331 For any n = (p x , . . . 

\fi\ = n, the action of the dynamical Hamiltonians X q ^ preserve each of H^{T*jFx)- 
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Lemma 4.2 (Lemma 7.6 in [RT V] ) . For any A and i — 1, . . . ,n, the restriction of p(X Xi ) 
to H^(T*T\) has the form: 

(4.4) 

i— 1 n 
i—1 n 

= (7,1 + • • • + 7,aJ - ^ E Trhr p( e u e ij) - h J2 p^ e o,d + ^> 

j=l <' qj j : • i '' '•' 

where (7^1 + • • • + 7i,aJ denotes the operator of multiplication by the cohomology class 7^1 + 
• ■ ■ + Ji,\i, the operator C is a scalar operator on H^,(T* \F\) , and for any i 7^ j the element 
p(G\,i,j) annihilates the identity element 1\ £ H^(T*J r \). 

4.3. Quantum multiplication by divisors on H^T*^). In [MUj . the quantum multi- 
plication by divisors on H^{T*J r \) is described. The fundamental equivariant cohomology 
classes of divisors on T*3F\ are linear combinations of Di = 7^ + • • • + 7^, i = 1, ■ ■ ■ ,N. 
The quantum multiplication Di* q depends on parameters q = (y\, . . . , q N ) £ (C X ) JV . 



Theorem 4.3 (Theorem 10.2.1 in |MO] ). For i — 1,...,N, the quantum multiplication by 
Di is given by the formula: 



(4.5) 



i-l 



Di*q = (7i,i + • • ■ + 7,aJ + h Yl 1 ^-7-. P( e w e ij) ~ h Yl I I' -7- l >{( ' J ( ] + C > 

j=l Qj/Qi j=i+l "il"J 

where C is a scalar operator on H^(T*J r x) fixed by the requirement that the purely quantum 
part of Di* q annihilates the identity 1\. 

Corollary 4.4 (Corollary 7.8 in |RT V] ) . For i = 1,...,N, the operator Di* q of quantum 
multiplication by Di on H^(T*T\) equals the action p(X Xi ) on H^ r {T*J : x) of the dynamical 
Hamiltonian X x i if we put (g 1; . . . , q N ) = (q{~ , . . . , q^ 1 )- 

The quantum connection V quant) A,q, K on H^{T*J Z \) is defined by the formula 

d 

(4.6) V quan t,A,q, K ,i = K< li-Qq. ~ D i*Q ' £ = 1, . . . ,iV, 

where k £ C x is a parameter of the connection, sec [BMOJ. By Corollary 14.41 we have 
( 4 - 7 ) V quantiA ^ Kii = p(V A - i -i i --i_ K ), i = l,...,N. 

4.4. Dynamical Hamiltonians on (C iV )® n <g) C[z; h). Recall that e^-, i,j = l,...,N, 
denote standard generators of qI n . A vector v of a gb^-module M has weight A = (Ai, . . . , 
A at) £ if e^v — XiV for i — 1, . . . , N. We denote by M\ C M the weight subspace of 
weight A. 

We consider as the standard vector representation of qI n with basis V\, . . . ,vn such 
that eijVk = 6j^Vi for all k. Denote V = (C N )® n . For / = (Ii, . . . , Jjv) £ X n , we define 
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Vj G V by the formula fj = v ^ <g) • • • <g) u in , where Zj = i if G i^. Let 

A|=n 

be the weight decomposition. The vectors (f/)/ G j A form a basis of V\. 

As always, we denote by ef^ the action of e it j on the a-th tensor factor of V and denote 
P . . - v n p (a) 

Recall the Y^jjL^-module structure <fi on V <g> C[z; /i] and the dynamical Hamiltonians 
X| introduced in Section 14.11 The dynamical Hamiltonians preserve each of the weight 
subspaces V\ <g) C[z; h]. 

Lemma 4.5 (Lemma 4.17 in |GRT V] ) . For i — 1, . . . , n, we have 

n , N N 

(4.8) 4>{xn = E^ e S + f(*- e M)-^E £ e S e S-^Er^ G M- 

a=l j=l lsCa-CftsC" i=l J 

To obtain the lemma we replace h with —h in Lemma 4.17 of |GRTV] . 

4.5. qKZ difference connection. Recall the Y^jjl^-action <p on (C^)®" ® C[z; /i] intro- 
duced in Section 13.31 Let 

RfH)(u) = i,j = l,...,n, i^j. 

K — ft 

For n 6 C x , define operators K u . . . , K n G End((C*)® n ) <g> C[z; /i] , 
^(z; q; h; k) = R {i+1 ^(z l+1 -*)... R {n > l \z n - Zi ) x 

x q-^. . . q- e »' N RM(zi - Zi - «) . . . - * - «) • 

Consider the difference operators • • • , i^ re ,n acting on (C^)®"- valued functions of z,q,h, 

(4.9) K z , q ,h,K,iF{z; <?; h) = Ki(z; q; h; k) F{z u . . . , z^ u z { + k, z i+1 , . . . ,z n ;q;ti) . 

Theorem 4.6 ( |FR] ) . The operators K z ^ q: h, K ,i, ■ ■ ■ ,Kz,q,h,K,n pairwise commute. 

Theorem 4.7 QTV4]). The operators K z>q>h>K}1 , . . . , K z ^ h ^ n , 0(V A ,q, K ,i), • • • , 0(V A ,q, K ,7v) 
pairwise commute. 

The commuting difference operators K z ^ hK ^ } . . . ,K z ^ h ^ n define the rational qKZ dif- 
ference connection. We say that a (C N )® n - valued function F(z; q\ h) is a flat section of the 
difference connection if 

K ZjqAK4 F(z; q, h) = F(z; q;h), i = 1, . . . , n. 

Theorem 14.71 says that the qKZ difference connection commutes with the trigonometric 
dynamical connection 0(Va,<j, k ) • 
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5. Yangian Y(gl N ) weight functions 

5.1. Weight functions Wi. For / G Z\, we define the weight functions Wi(t; z; h), c.f. 
[TVT|[TV5] . 

Recall A = (Ai, . . . , X N ). Denote A« = X 1 + . . . + A; and A« = A^ = 

Et^iN-i)^. Recall / = (h,...,I N ). Set ULi4 = {i? < ••• < Consider 
the variables to , j = 1, . . . ,N, a = 1,...,X^\ where = z a , a = 1, . . . ,n . Denote 
= (*£°)*<AW and i=(t«,...,t(^)). 

The weight functions are 



(5.1) Wi{t\z\h) = (-h) Sym (i) (1) . . . Sym ( jv-u (J v-i) L/}(t; «; /i) , 

wi = nn n (^-e"-^ n ^-r") n ^ ^ - )• 

j=\ a =l V c=l d=l b=a+l la l b / 

In these formulas for a function /(ii, . . . , tf.) of some variables we denote 

Example. Let N = 2, n = 2, X = (1, 1), / = ({1}, {2}), J = ({2}, {1}). Then 
Wj(t; z; h) = -h (tf ) - z 2 ), Wj(t; z; h) = -h (t? - Zl -h). 

5.2. Weight functions W a j. For o G S n and 7 G Ia, we define 

W CT ,/(t; 2; ft) = W CT -i(j)(t; z^i), . . . , z^); h), 

where tr^I) = (tr" 1 ^), . . . , a^{I N )). 

For a subset A C {1, . . . , n}, denote 2^ = (z a )aeA- For J G 1\, denote zj = (zj ± , . . . , zj N ). 
For /(tW,...,*^) G C[tW,...,t( JV )] 5 A(i) x - x5 AW, we define /(z 7 ) by replacing *Cj) with 
Ui =1 2 /fe . Denote 

JV-1 

c *( z ') = ] I ! I ~ z i ~ h ) ' 

o=l i,ieug =1 4 

r(*i)= n nn^-^) w = n nn^-^^ 

5.3. Stable envelope map. Following |RTV] . we define the weight function map 

[W id ] : V ® C[z; fc] -> F*(,Y n ), ^ ^ [W id)I (e; z; fc)], 

where Wqi{©\ z; /i) is the polynomial Wid,j(t; z\ h) in which variables t^p are replaced with 
9j t i and [Wid,/(®i z; h)] is the cohomology class represented by Wid,i(®] 2; /i). 
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Denote 

N-l AM A< a ) 

ca(©) = n n n<^ - ^ - ^ e htt^- 

a=l i=l j'=l 

Observe that c\(©) is the equivariant Euler class of the bundle ®^=i Hom(.F a , F a ) if we 
make C x act on it with weight —h. Note that C\((S>) is not a zero-divisor in H^(X n ), because 
none of its fixed point restrictions is zero. 

Theorem 5.1 (Theorem 4.1 in |RT V] ) . For any X and any I G I\, the cohomology class 
[Widj(&; z; h)] G Ht(T*J~\) is divisible by c\(&), that is, there exists a unique element 
Stabid,/ G Ht{T*JF\) such that 

(5.2) [Wi d)/ (©; z- h)} = c A (0) • Stab^/ . 

By using this theorem we define the stable envelope map 

Stabid : V <g> C[z; h] ->■ H^(X n ), vi ^ Stab id ,/. 

The stable envelope maps are main objects in |MO] . The stable envelope maps are defined 
in |MO] in terms of the torus T action on X n . Relation (15. 2p gives a formula for the stable 
envelope map in terms of the Chern roots 0, z, h. 

As we know, formula (13. 3 p defines the y(gl 7V )-module structure <fi on V <8> C[z;/i], and 
formulas (13 .4p . (I3.6p . (J377J) define the F(gl 7V )-module structure p on H^(X n ). 

Theorem 5.2 (Theorem 6.3 in |RT V] ) . The stable envelope map Stab;d : V ® C[z; h] — > 
H^(X n ) is a homomorphism of Y(q[ n ) -modules. 

5.4. The inverse map. For I G Z A , introduce £/ G (C N )® n ® C(z; h) by the formula 

^ Q(2/)C A (Z/) 

where cr G S n is the longest permutation. 

Let C(z; h) be the algebra of rational functions in z, h. Consider the map 

z/ = ©|A|=n^A : ®\x\=nH^(X x )®C(z;h) -)■ (C^f^C^/l), 

where z/a is defined by the formula 

see [GRTV1 Formula (5.9)]. 

Lemma 5.3 (Lemma 6.7 in |RT V] ) . The operator v is inverse to Stabid- 

5.5. The difference connection on H^(T*F\). By Theorem 14.7} the difference operators 

Stabid o K zA -i ~-i_ Kl ou, . . . , Stab id o K z ~-i : ~-i_ Kn o v 

and the differential operators V quant ,A,q,K,i, • • • , V quant ,A,q,K,7v pairwise commute. The differ- 
ence operators form the rational qKZ difference connection on H^,(T*J-\). This difference 
connection is discussed in [MO] under the name of the shift operators. 
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6. Four more connections 
In the remainder of this paper we fix A G Z^ , |A| = n. 

6.1. Trigonometric dynamical connection on ny x . Consider C n with coordinates x = 

) and with coordinates q = (q u . . . ,q N ). Consider the trivial bundle n Vx : 
V\ x C n+N -»■ C n+N . 

Following |TV4] and |MTVH Appendix B], introduce dynamical Hamiltonians 

n 2 N N 

a=l j=l lsCa<Kn 3=1 J 

acting the V\- valued functions of x, q. By formula (I4.8p . we have 

(6.1) (f>{X?)(z;q;h) = -hX^{-z x /h, . . . , -z n /h; q) - | e iti = 

h 

= -hX^i-Zx/h, -zjh; q) - - \ . 
For kgC x the differential operators 

(6-2) V^ = Kq~-X^{x,q), i = l,...,N, 

pairwise commute and define a flat connection V^ A „ K on 7iy x , see |TV4] . 

6.2. Rational qKZ difference connection on 7Ty A . Let 

R^\u) = —-—, i,j = l,...,n, 
u+l 

For k G C x , define operators i^i A , . . . , K^ x on by the formula 
K^{x-q-K) = +1 ^(x i+1 - Xi ) ...R^ i \x n -x i ) x 

x q^K . . q- e »> N RW( Xl -Xi-K)... R^(x^ x - x t - re) . 

Consider the difference operators K^ x qK 1( . . . , K^. x qKn acting on (C N )® n - valued functions of 
x,q, 

(6.3) Kj A ^F(a;,g) = i^ A (z;; q, re) F(x 1} . . . , + re, x m , . . . , x n ; q) . 

Theorem 6.1 ([FR|). T/te operators K^ x qKl , K^ qKTl pairwise commute. 

Theorem 6.2 ([TV4]). I7ie operators £J A )K)1 , . . . , V^ )ftjl , . . . , V^ K)JV painwse 

commwto. 

The commuting difference operators K^ x q K l , . . . , K^ x qKn define the rational qfCZ difference 
connection on i\y x . Theorem 16.21 says that the rational qKZ difference connection commutes 
with the trigonometric dynamical connection V^. x qK . 
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6.3. Relations between flat sections. 

Lemma 6.3. Let K,h G C x . 

(i) Assume that F(x; q) G V\ is a flat section of the connection _ K / h - Then 

N 

Qi 2K 11 (l-Os/Vi) ~ K F(-Z!/h, . . . , -z n /h, q) 

i=l l^i<j^N 

is a flat section of the connection 0(Va,<j,k)- 

(ii) Assume that F(x; q) dV\ is a flat section of the difference connection defined by the 
operators K^ x q _ K j h v ■ ■ ■ , K^ x q _ K j h n in (16. 3 p . Then F(z; q; h) is a flat section of the 
difference connection defined by the operators K z q K i, . . . , K z q>K n in (14. 9p . 

Proof. Part (i) follows from formulas (14. 3 P and (16. ip . Part (ii) follows from formulas for the 
operators K£ q> _ K/h)i and K Z)q>Kji . □ 

Lemma 6.4. Assume F(z;q,h) = Fi(z\ q, h) vj G V\ is a flat section of the 

connection 0(V A g-i _ K ) (resp. of the difference connection defined by the operators 

7 W -I- • • • ' K z^\...^-\- K ,J- Then 

(6.4) Stab id (F(z; q, h)) = ^ Ffa q; h) Stab idi/ = ^ F,(z; q; h) k)] 

is a flat section of the quantum connection V quanti A,q,K (resp. of the difference connection 
defined by the operators Stab id o K^-i^-i^^ o u, . . . , Stab id o K^-^ j-i _ Kn o u). 

Proof. The first statement follows from Corollary 14.41 The second statement of obvious. □ 

6.4. Trigonometric KZ connection on W\. Consider the Lie algebra gl n . For m G 2^ , 

we denote by Win the irreducible $j[ n -module with highest weight (m, 0, . . . , 0) and highest 
weight vector w m . For given A = (Ai, . . . , Ajv), |A| = A x + • • • + A^ = n, we consider the 

$jt n -module ®f =1 W^ . We denote by W\ the weight subspace of ®f =l W^ of gt n -weight 
(1, . . . , 1). We consider the trivial bundle n Wx ■ W x x C n+N C n+N . 

Let tt = l YZ=l e a,a®Ga,a, ^+ = ^0 + Eia<Kn e ^ b ® e V> ^- = ^O + El^Kn^o 8 ^' 

Introduce the trigonometric KZ operators X^ x , . . . , X^ x acting on W\- valued functions of 
x,q, 

- p - a <D {iJ) -J- n <D {iJ) 

Xr>(x; q) = J> a - *?)e® + £ ^ + _^- . 

a=l j=l J 



For k G C x , introduce the differential operators * 1; . . . , x 

d 



,A r ' 



(6-5) V^ = ^— -X^^q). 



The differential operators define on t^w x a connection K called the trigonometric KZ 
connection. 
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6.5. Rational dynamical difference connection on 7Tjy A . For any a, b — 1, . . . , n, a ^ b, 

introduce a series B ah {t) depending on a variable t, 

oo s 1 

The series acts on any finite-dimensional $j[ n -module W . 

For k G C x , introduce the operators K x x , . . . , acting on W\- valued functions of x, q, 

K^ x (x] q, k) = (B itn (xi -x n ) ... B hi+1 (xi - x i+1 )) 1 x 

-e (1) -e (JV) 

x <?i 1,1 •• • Qn l ' 1 • • • Bi^i{xi-i - x t - k) . 

Introduce the difference operators K xqKl , . . . , K™* K n , 

(6.6) K™* Ki F(x, q) = x (x, q, k) F(x x , . . . , Xi-i, x> + k, x i+1 , . . . , x n ; q). 

Theorem 6.5 ([TV3]). The operators V^ M , , K%* K>1 , . . . , K^ K>n pairwise 
commute. 

The commuting difference operators K^ qKl ,...,K^?* Kn define the rational dynamical 
difference connection on irw x - Theorem 16.51 says that the rational dynamical difference 
connection commutes with the trigonometric KZ connection Vjf* . 

6.6. Equivalence of connections on n Vx and n Wx . For / = (Ji, . . . ,I N ) G Z\, define a 
vector wj G W\ by the formula 

(6.7) wi = w h ®---<g)w lN , w Ia = (JJe<,i) WA a , 

where j^f' means that we exclude from the product the factor e^i if 1 G J a . The map 

(6.8) /i : -> V x , wi i ^ uj, 
is a vector isomorphism, see for example |TV4] . 

Theorem 6.6 (Theorem 5.8 in |T V4j ) . The vector isomorphism fi identifies the action of 
operators V^ jM ^. . . , V^ n; Kj x qKl , K^ qKn with the action of the operators Vj£ i#t)1 , 
• • • ; V^ )(t)n; Qi^q iKjl , • • • , QnK^ >K>n , respectively, where 

q TT %j %i 1 K TT %i Xj + 1 

-L -1- <7» . i ■ . I 1 A A /y» . i ■ . 1 



Corollary 6.7. // a W\-valued function F w (x; q) = ^2 IeIx Fj(x; q)wj satisfies the equa- 
tions 

V^ Kl F M/ = 0, ... V^ qKN F w = 0, K^ Kl F w = F w , ... K^ QKn F w = F w , 
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then the V\-valued function 

T((x,i - xj - 1)/k) 



satisfies the equations 

7. Integral representations for flat sections 

m n(n — 1) 

7.1. Master function. Consider C a with coordinates s = (sj- ), a = l,...,n — 1, 
j = 1, . . . , n — a. Consider C n with coordinates ) and with coordinates 
q = (qx, . . . , q N ). The master function is 

N n-1 N 

®x(s; x;q) = J] ( ft - JJ g *<«*-*+V»> JJ J] ( s « - g ,)^x 

l<i<j<iV i=l 3=1 i=l 

n— 1 n— a n— 2 n— a n— a— 1 

x n n +i n ( n (*< (a) - w n n - > 

a=l i=l a=l l^i<j'^ri— a t=l j=l 

see (MVl Formula (16)]. 

7.2. $j[ n weight functions. For I G T\ we define the weight function u>i(s;q), see |MV] 
IRSVt ISV] . Introduce new variables s = (s a ,i,j)j where a 6 {1, ... , N}, i G J , j G {1, . . . , % — 
1}. For k = 1, ... ,n — 1, denote by the set of all variables s a ^j with j = k. Then 
\sk\ = n — k. 

Let B be the set of sequences (3 = . . . , /3 n _i) of bijections /3& : s fc — >• {s^ , . . . , s^.}, 
fc = 1, . . . , n — 1. 

If /(s) is a function of s and /3 G B, then we obtain the function ((3f)(s) of s by replacing 
variables in f(s) according to the bijection (3. 
Introduce the function 

1 



=nn 



i ^^0,1,1 Qa)\Sa,i,2 Sa,i,l) ■ ■ ■ \^a,i,i— 1 ^0,1,1—2) 

where we set 7 w ^— 7 7 = 1 if % = 1. We define 

(*o,i,l— 9oK*o,i,2— *o,<,l^"V s o,i,<-l— *o,i,i-2; 

w/(a;g) = (Pfi)(s;q). 
pes 

Example. Let N = 2, n = 3, A = (1, 2), I = (I u J 2 ), Jj = {2}, 7 2 = {1, 3}. Then 

1 1 

ui{s;q) - (1) (1) (2) {1) + (1) (1) (2) {1) . 

(«i - - ?2)(si - 4 ) O2 - ?i)( s i - 92j(si - s\>) 
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7.3. Hypergeometric integrals. In the space C ( 2 ' x C n x with coordinates s, x, q 
we consider the arrangement C of hyperplanes defined by equations 

s\ a ^ =0, a — 1, . . . , n — 1, i — 1, . . . , n — a; 

sf'-qi = 0, j = l,...,n-l, i = l,...,N; 

~ a — 1, . . . ,n — 1, l^z<j^r7, — a; 

s i — = 0, a = 1, . . . , n — 2, z = 1, . . . , n — a, j = 1, . . . , n — a — 1. 

- qj = 0, l^i<j^N; 
qi = 0, i = l,...,N. 

Denote by U the complement to the union of hyperplanes of the arrangement C. 

In the space C n x with coordinates x, q consider the arrangement of hyperplanes 
defined by equations 

% - qj = 0, 1 < i < j < AT; 

g. =0, 1 = 1,..., N. 

Denote by A the complement to the union of hyperplanes of this arrangement. 

n{n — l) j.j 

Consider the projection tt : C 2 xCx C — > C n x C . For every (x; q) the arrangement 
C induces an arrangement in the fiber of 7r over (x; q). Denote by U(x; q) the complement 
to that arrangement in the fiber. 

Consider the master function $a(s; x; q) as a multivalued function on U. Let k G C x . The 
function &\(s; x; q) 1 ^ defines a rank one local system C K on U whose horizontal sections over 
open subsets of U are univalued branches of $a(s; x; q) l / K multiplied by complex numbers. 
The vector bundle 

(7.1) U H n(n-i) (U(x;q),£ K \ ul:r ,:„)) -> A 
has the canonical flat Gauss-Manin connection. Let 

4){x,q,K) E ff n(n-i) (U(x, q), C K \u( x . a )) 

be a flat section of the Gauss-Manin connection. In what follows we will consider the 
multidimensional hypergeometric integrals 

J^(x; q;K)= [ $ A (s; x; qf'ufa q) A^ 1 A£?ds< a) 

J ip{x,q,K) 

for I e X x . 

Theorem 7.1 ( |MVJ ). For every flat section ip(x,q,K) of the Gauss-Manin connection on 
the bundle in (17. ip . the function 

(7.2) F^(x; q;n) ^4>,i( x 'i <7; «) Wi 

iex x 

is a flat section of the trigonometric KZ connection ( 16. 5 p on tc Wx and of the rational dynam- 
ical difference connection (I6.6P on n Wx . 
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Corollary 7.2. The V\-valued function 

W*««)= II S^iE*(«;-=)"i 

zs a /Za£ section of the trigonometric dynamical connection ( \Q.2\i on 7iv x and of the rational 
qKZ difference connection (16.31) on rr Vx . 

Proof. The corollary follows from Corollary 16.71 □ 
Corollary 7.3. The V\-valued function 

N 

n hX i -|— |- h minCAj.Aj) 

i=l l<i<j<iV 

nV((zi — Zj + h)l ' k) v-^ ^ / ,, ,, ,, x 

f(5 - - £ ^(-^> — -w*; * Kj}i) VI 

zs a /Za£ section of the trigonometric dynamical connection 0(Va,<j, k ) on iry x and of the 
difference connection on 7Ty A defined by the operators K z q K i } . . . , K z q K n in (14. 9p . 

Proof. The corollary follows from Lemma 16.31 □ 



Corollary 7.4. For any ip as in Section \773 , 
(7.3) 

Stabi d (F^(.z; gf 1 , . . . , g^ 1 ; h; -k)) = 

2fc 11 (1 " 11 T((z ._ z . + h)/K) 

E_ , ,, i i ... [Wid /(©; z; h)] 
Ji,,A-Zx/h, . . . , -z n //i; q x , . . . , q N ; re/ft) ^— — 

is a flat section of the quantum connection V qua nt,A,q,K on H^(T*J r \) and of the difference 
connection on Ht(T*F\) defined by the operators Stated o K z ~-i ~-i _ K l o i>, . . . , Stated o 
K_ --i ~-i ,. „ o v . 



,-,q 



N 



-K,n 



Proof. The corollary follows from Lemma 16.41 □ 

7.4. Example. Let n = N = 2, A = (1,1). Then T*F\ is the cotangent bundle of projective 
line and 

H* T {T*F X ) = C[ 7 i,i,72,i] ® to] ® C[/i]/<(« - 71,0 (u - 7 2,0 = (« - ^){u - z 2 )). 
We have 

Stab ld (^(z; q~,\ fc K -*)) = ^^(ft 1 - g^ 1 ) 2 ^ -^ " * " ^ X 



r((z 2 -z x + K)/k) 

s-g"i s-g 2 
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The master function is 

z; q; h) = s (*i-*a+ fc )/"( a - q^y h/K (s - q 2 X y hjK . 
The critical point equation is 

zi — z 2 + ft h h _ 

s s - gT/ 1 s - q 2 l 

or 

O2 - zi + ft)s 2 - (z 2 - zi)^ 1 + (fe 1 )^ + q\ l q 2 1 {z 2 - z± - ft) = 0. 
The discriminant of this equation is 

(7.4) ^(z;q;h) = ( Zl - z 2 ) 2 (q? - q 2 l f + 4q^q^h 2 = 

(zi - z 2 ) 2 (g~i - q2) 2 + 4gig 2 ft 2 

On the other hand, the algebra of quantum multiplication 1-L q x is the quotient of Cfy^i, 72,1, z; ft] 
by the relations 

7l,l + 72,1 = Z 1 + Z 2 , 7l,l72,l + - 91 ~ k (7l,l - 72,1 - ft) = 2l«2 , 

qi -92 

see the example in [GRTVl Section 6] where again we replaced h with —h and 51,(72 with 
gjf 1 , q 2 l ', respectively. Set 71^ = £, 72,1 = Zi + z 2 — Then the relation is 

(gi - g 2 )t 2 - (2gift + (gi - q 2 ){zi + z 2 ))t + (g"i - q 2 )z x z 2 + <?ift(zi + z 2 + h) = 0. 

The discriminant of this equation is 

(7.5) A nl (z; q, h) = ( Zl - z 2 f{q x - q 2 f + 4g 1 g 2 ft 2 . 

By comparing (I7.4p and (17. 5p . we conclude that the algebra of functions on the critical set 
of the master function is isomorphic to the algebra of quantum multiplication. 
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